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ABSTRACT: Bacteria play an important role in oxidation and stabilization of organic and inorganic matter 
in wastewater treatment plant. This paper presents the development of mathematical model to study the 
effect of chromium on heterotrophic bacteria in waste stabilization pond. The governing equation of the 
model is based on the Haldane equation. The model developed reflects the mortality rate of heterotrophic 
bacteria at variable pH and concentration of chromium. To verify the computed results a series of laboratory 
experiments has been carried out, the predicted mortality rate was obtained from these models and compared 
with experimental data. The correlation coefficient R2 was 0.87.  
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صلختسملا :ةجلاعملا تاطحم يف ةلئاسلا تافلخملا يف ةیوضعلا ریغ و ةیوضعلا داوملارارقتسأ و ةدسكأ يف امھم ارود ایریتكبلا  بعلت . هذھ ضرعت
ةدسكلأا ضاوحأ يف ةیكیفورتورتھلا ایریتكبلا يلع موركلاریثأت ةساردل يضایر جذومن ءاشنلأ ةقرولا. ومنلل ةیسیئرلا ةلداعملانیدلاھ ةلداعم يھ جذ .
 نیجوردیاھلل ينویلأا زیكرتلا نم لك ریغت عم ایریتكبلا ةافو لدعم جذومنلا بسحی)pH ( موركلا زیكرتو. تیرجأ جذومنلا نم ةبوسحملا جئاتنلارابتخلأ
 ةدیج ةقلاع كانھ نأ دجو ةساقملاو جذومنلا نم ةبوسحملا جئاتنلا ةنراقمب و ةیلمعملا تارابتخلأا نم ةلسلس طابترأ لماعمبR2=0.87 
 
INTRODUCTION: 
Microorganisms play an important role in 
biological treatment. Microorganisms have 
been responsible for the natural stabilization 
of human and animal wastes since the origin 
of these species on earth (1). Wastewater 
containing chromium with high 
concentration, discharged into sewer system 
without pretreatment can cause adverse 
effects on biological wastewater treatment 
processes. Therefore only low concentration 
of chromium is allowed in the effluent 
discharged to receiving waters, because of 
toxicity to aquatic and human life. Since 
most municipal of wastewater treatment 
facilities use biological treatment processes 
for stabilization of organic and inorganic 
substance in wastewater, it is necessary to 
have knowledge of the effect of chromium 
on these processes. Therefore, it is important 
to understand the effect of chromium on the 
toxicity to heterotrophic bacteria in order to 
limit its concentration in industrial effluents  
 
which are treated in waste stabilization 
ponds.  Chromium enters the waste stream 
generally in the form of hexavalent salts such 
as sodium chromate, potassium chromate, 
and sodium dichromate, these salts are used 
extensively in industries, such as 
electroplating, paint and pigment 
manufacturing, textile, fertilizer and leather 
tanning (2).  
Most industrial wastewater must first pass 
through a sewage treatment plant. Since 
bacteria in such plants are destroyed by trace 
amount of chromium, the treatment plant 
becomes no longer effective. Temperature 
and pH play a vital role on survival and 
growth of bacteria. In general, optimal 
growth occurs within a fairly narrow range of 
temperature and pH, although the bacteria 
may be able to survive within much boarder 
limits. The objective of this paper is to 
formulate a mathematical model describing 
the reduction of heterotrophic bacteria in 
waste stabilization pond due to chromium at 
varying pH. 
Experimental work: 
Based on experimental work, the effect of 
chromium on heterotrophic bacteria at 
varying pH was investigated in batch 
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cultures. Samples were collected from the 
effluent of the primary facultative pond of the 
University of Dar es Salam (Tanzania) waste 
stabilization ponds system and were dosed 
with varying concentration of chromium in 
the laboratory (0, 5, 10, 15, 25 and 50mg/l), 
and in each single group each sample was 
kept at constant pH of 4, 6, 7, 8, 9 and 11. 
Samples were adjusted artificially to the 
desired pH by addition of either NaOH or 
H2SO4 for raising or lowering pH, 
respectively. In this study pour plate count 
was used to enumerate the heterotrophic 
bacteria because of its ability to give the best 
information on the number of bacteria. All 
laboratory examinations were carried out in 
accordance to standard Methods (3). 
The enumeration of heterotrophic bacteria 
was found with respect to time at different 
pH and chromium concentration. Table 1 
shows the mortality rate of heterotrophic 
bacteria at various pH values and 
concentration of chromium. 
 
Table 1: mortality rate of heterotrophic 
bacteria at varying pH 
Con. of 
chromiu
m 
(mg/l) 
Mortality rate k  (hr⁻¹) 
pH=4 pH=6 pH=7 pH=8 pH=8 pH
=9 
0 0.28 0.25 0.04 0.06 0.13 0.5
3 
5 0.49 0.46 0.25 0.27 0.34 0.7
4 
10 0.70 0.66 0.46 0.48 0.55 0.9
5 
15 0.79 0.75 0.55 0.57 0.65 1.0
5 
25 0.91 0.86 0.66 0.67 0.75 1.1
6 
50 1.10 1.07 1.03 1.04 1.06 1.2
0 
 
 
Formulation of the mathematical 
equation: 
The effect of pH on the biomass growth may 
be directly or indirectly attributed to 
hydrogen ion concentration in the medium. 
The effect of   Hାon the specific rate may be 
described by the Haldane equation (4) as 
shown by equation (1): 
    µ0=
µ [ୌ⁺]
 [ୌశ]ା୏ೀಹା[ ୌ⁺]² ୏ಹ⁄   
                           (1) 
Where µ0 is the specific maximum growth 
rate at a certain substrate concentration, and 
it is function of the environmental factors. 
 Kைு  and  Kு   are rate constants and they 
are constant for all pH values at particular 
concentration. Hydrogen ion concentration 
can be calculated from:  
  pH = -logଵ଴  [Hା] 
  [H+]= 10-pH         
 For decay rate we can substitute µ = 1/K 
and µ0 = 1/K0  in equation (1). Therefore 
equation (1) can be transformed to: 
 K= K଴[1+
୏ೀಹ
[ ୌ⁺]
+
 ୌ⁺
୏ಹ
]                                   (2) 
 Where K is mortality rate constant, K0 is the 
minimum mortality rate constant, [ H⁺] is 
hydrogen ion concentration,  Kு   and   Kைு   
are rate constant.  
Modeling Process: 
Equation (2) can be used to predict the 
mortality rate of bacteria. The model was 
run at each concentration of chromium 
applied with reflection on the effects of 
variable pH on the mortality rate.  
The efficiency criterion, which is widely 
accepted for testing of the model accuracy 
by Nash and Sutcliffe (5), was used to 
determine the efficiency of the developed 
model. They defined the model efficiency 
R², analogously to the coefficient of 
determination in regression, as the 
proportion of the initial variance accounted 
for by the sum of squares of differences F 
between the observed and estimated 
mortality rate:  
Defining the initial variance F0 as:  
             ܨ0=  ∑ (୬୧ୀଵ Yi − Yഥ)
2                       (3) 
Where തܻ = 
ଵ
௡
  ∑ ܻ௡௜ୀଵ i = the mean of the 
observed mortality rate and n is the number 
of data points and F written as:  
  F=  ∑ (௡௜ୀଵ Yi-Ŷi)
2                                     (4) 
Ŷi is the predicted mortality rate. 
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The efficiency of the model may then be 
expressed as: 
R²=1- 
ி
ி଴ 
                                                     (5) 
The parameters   Kு  , Kைு   and   K଴   were 
fitted manually using trial and error by 
determining least square method (Maximum 
R²). Table 2 shows the best values of the 
parameters    Kு  , Kைு   and   K଴ which gives 
maximum correlation for the chromium 
concentration of 0, 5, 10, 15, 25 and 50 mg/l. 
 
Table 2:  Kு  Kைு   and  K଴ at different 
concentration at maximum R² values 
Conc. of  
Chromium 
(mg/l) 
K଴ 
(ℎݎ⁻¹) 
Kு  
(m) 
Kைு  
(m) 
0 0.15 1.4x10-⁴ 2.50x10-¹¹ 
5 0.35 3.20x10-⁴ 1.10x10-¹¹ 
10 0.51 3.00x10-⁴ 1.00x10-¹¹ 
15 0.59 3.00x10-⁴ 1.00x10-¹¹ 
25 0.76 5.20x10-⁴ 5.27x10-¹² 
50 1.04 1.00x10-³ 1.50x10-¹² 
 
The Parameters    Kு , Kைு , K଴ were plotted 
against chromium concentrations and the 
results are shown in the figures 1, 2 and 3. 
Equations 6, 7 and 8 show the relationship 
between these coefficients with chromium 
concentration. 
Kு=1x10
-7C2+9x10-6C+0.0002                  (6) 
K௢ு=2x10
-¹¹݁ି଴.଴ହ଻ଵ஼    10-11                      (7) 
K଴=-0.0003C²+0.0317C+0.1816                (8) 
 
Figure 1: KH against concentration 
 
Figure 2: KOH against concentration  
 
 
Figure 3: K0 against concentration  
 
The coefficient of correlation was 0.97, 0.96 
and 0.99 forKு , Kைு , K଴  respectively. The 
values of  Kு , Kைு,and K଴  were then 
substituted in equation (2). The resulting 
model was shown by equation (9). 
K௣୰ୣௗ  = (-0.0003C²+0.0317C+0.1816) 
[1+
ଶ௑ଵ଴ష¹¹௘⁻⁰·⁰⁵⁷¹஼ 
ୌ⁺
+  
ୌ⁺
ଵ଴⁻⁷ ஼²ାଽ௑ଵ଴షల஼ା଴.଴଴଴ଶ
  ] 
(9) 
Where C concentration of chromium (mg/l) 
and [H+] is hydrogen ion concentration    (= 
10-pH), the efficiency (R²) of the model was 
found to be 0.87, which is reasonably good. 
The predicted and observed mortality rate 
constant, K was plotted in Figures 4 and 5. 
A regression analysis on the data results in 
the equation: 
  K௣୰ୣௗ = 0.896K௢௕௦௘௥௩௘ௗ        R² =0.87 
The best-fit was very close to 45o line.   
Discussion of Results: 
Figure 4 shows the effect of pH on the 
mortality rate of heterotrophic bacteria, a 
broad optimum pH range was observed, 
minimum heterotrophic bacteria decay rate 
was observed between pH 5.5 and 9.5. 
KH = 1E-07C2 + 9E-06c + 0.0002
R2 = 0.97
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Steady bacteria decay rates were observed at 
this range for all concentrations. 
The pH is environmental factor that influence 
the growth rate of microorganism. Benefied 
and Randall (6) explain that for the most of the 
bacteria and most biological wastewater 
treatment process, the range of pH for growth 
is beween 4 to 9. Many studies on the effect 
of pH on the growth of microorganism have 
defined the optimum pH as those at which 
the growth of microorganism is highest (7). 
The figure shows at neutral pH, the mortality 
rate was constant for all concentration of 
chromium used. The constant value of 
mortality rate was higher for higher 
concentration of chromium. The pH plays a 
big role on ion exchange and also the form at 
which chromium exist in the water. Usually 
at pH greater than 5, chromium may exist in 
form of precipitate. Hence if this is the case, 
then the influence on the mortality rate may 
remain steady as most of chromium ions 
remain in precipitate (8). There is also a 
trending of chromium in the solution to free 
some H+, and this might have more  
significant effect on the mortality rate of the  
heterotrophic bacteria. At pH greater than 10, 
the model predicts an increase in mortality 
rate. In accordance with the model 
prediction, the influence of chromium on 
mortality rate at pH values in the acidic range 
was small. From figure 4, it is clear that 
heterotrophic bacteria was more sensitive to 
alkaline pH than acidic pH, the mortality rate 
was highest at pH 11 for all concentrations. 
Sharma and Forestor9 found that there is 
significant increase in the pH of the reaction 
mixture containing higher chromium 
concentration. 
Some preliminary investigations on the 
removal of chromium have been reported by 
Zhu and Wang (10). They concluded that in 
treating wastewater containing heavy metal 
ions, the best results were obtained when the 
ion  
 
concentration were low. Huang and Wu (11) 
studied the removal of hexavalent chromium 
by activated carbon and concluded that the  
 
absorption was very pH dependent. The 
maximum absorption was found at pH 6. 
Figure 5 shows the scatter plot of the 
observed and model predicted mortality rate 
for different chromium concentration. The 
correlation coefficient R2 was 0.87.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4: Effect of pH and chromium 
concentration on mortality rate of 
heterotrophic bacteria in waste stabilization 
ponds 
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Figure 5: Scatter plot of the observed and model predicted mortality rate for different chromium 
concentration 
 
Application and limitation of the model: 
The model can be a vital tool in the design of 
biological treatment plants, such as oxidation 
ponds. This model is easy to apply, and only 
requires measurement of pH. The hydrogen 
ion concentration [H+] may be calculated 
from equation (1). The heterotrophic bacteria 
mortality rate constant at chromium 
concentration C can then be calculated from 
the developed model as shown in equation 
(2). The growth of heterotrophic bacteria in 
waste stabilization ponds is influenced by 
many factors including, pH, presence of toxic 
heavy metals, composition of sewage, 
temperature and dissolved oxygen. The 
model developed reflects the mortality rate of 
heterotrophic bacteria at variable pH and 
concentration of chromium, other factors 
were not taken into account during 
development of the model.  
In reality one could include other limitations 
due to other factors mentioned above. 
However, as the model stands, it provides an 
insight and method of quantification of 
mortality rate of heterotrophic bacteria at 
variable pH under constant influence of the 
chromium concentration. 
Conclusions: 
A mathematical model was developed to 
predict the effect of the chromium on the 
heterotypical bacteria in waste stabilization 
pond at various pH values. For a given dose of 
chromium concentration, the mortality rate 
was minimum at pH 7. Likewise for the given 
pH, mortality rate of heterotrophic bacteria 
increased as chromium concentration increase
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